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Spectral Characteristics of the where GG corresponds to the signal transfer functi¢h (z) =
Double-Loop Sigma—-Delta Modulator 2[4 (=p1 —p2+2)2 4 (p1p2 —p1)z 2], andG» corresponds
to the quantization noise transfer functiGa (z) = [(1—p1 2z~ )(1—
Mariam Motamed, Avideh Zakhor, Seth Sanders, and Te-Won Legz~1)]/[1 4+ (=p1 — p2 +2) 2" 4+ (p1p2 — p1 )z~ 7%]. Evaluating (1)
at dc yieldsY (1) = G1(1)X (1) + G2(1)=(1). Using Taylor series
Abstract—An important factor affecting the performance of XA  expansion and neglecting second and higher order terms, we obtain

modulators is their tone behavior. A recent approach to alleviate the tone simplified expressions fof; (1) and G2(1) for the case when both
problem consists of moving the open-loop poles outside the unit circle. In .

. X X X poles are near 1:
this paper, we determine the frequency location of two dominant tones
as a function of pole-location, and discuss the effect of pole location on Gi(1)=pi and G2(1)=0. 2)
the relative amplitude of low-frequency tones. Audio testing along with a i .
series of simulations are then performed to compare the efficacy of pole Thus, for real pole values close to ¥(1) = piX(1). This
placement with that of the more traditional tone removal technique of approximation is used in Section |lI-B to evaluate the sample mean,
dithering. iy, of the output bit sequenceq, = (1/N) SNZ' y(n) =

Index Terms—Double loop sigma delta modulator, tone behavior. (1/N)Y (1).

Ill. SPECTRAL CHARACTERISTICS

I. INTRODUCTION . . . _
In this section, we consider the spectral characteristics of the

Sigma-delta ©A) modulators are becoming increasingly imporgoyple-loop modulator for two cases. We begin in Section Ill-A by
tant in data conversion applications. An important factor limiting thepnsidering the case whepe is fixed on the unit circle while; is

performance ofA modulators is their tone behavior [1], [2]. Thegjowed to move outside the unit cirdaNe consider the case where
traditional tone removal technique consists of using additive dithgpih poles are outside the unit circle in Section I11-B.

signals to randomize the bit pattern at the outpuEdf modulators
[2]. A more recent approach to alleviate the tone problem is to design Case 1p, >1 andp, = 1

TA modulators with open-loop poles outside the unit circle [3]-[5]. Ags me that the output bit sequenge) is a periodic sequence
In this paper, we consider the tonal properties of the double-logﬁth period N'. Let N, and N> denote the number of 1's and—1's,
YA modulator with unstable filter dynamiésand compare them . o . ; LA AT
. . .~ " respectively, inV, such thatV = Ny + N, andm, = (1/N)(N, —
to those of the dithered double-lodA modulator. Audio testing N, . - - . N N
- . . .2 Ns). Solving for N, and N> as a function ofV and, yields
has also been performed in order to evaluate audible distortion ad ) i N
a function of tone amplitude. The paper is organized as follows. Ny =3N(1+my,) NieN
In Section I, we obtain an estimate of the average value of the Ny =IN(1—hy,) Ns€ ANT 3)

output bit sequence as a function of the system parameters. In Secti%rére N'T denotes the set of positive integers, a¥ds any integer
Ill, we determine the frequency location of two dominant spectr?hat yi'elds integer values for botN: and N: ,Since/ S~ 1 and
components as a function of pole location, and show via simulatio: (1) = 0. the expression fori u;ed to‘ezv.aluatévpzand N in
that pole values slightly outside the unit circle are more advantage&g?is P Gr ()X v ! o2

n. Ly = 1 .

in suppressing low-frequency tones than large poles outside the f the output sequence(-) is periodic with periodV, thenN' must

C|_rcle. In Sectlpn IV, we present the results of our audio testing, alongtisfy the equalities in (3) in the sense that the resulingnd > as
with a comparison between the dithered modulator and the modulaior ) . )

. . o computed in (3) are integers. While the above results do not address
with open-loop poles outside the unit circle. In all that follows, ou

: . . . {he existence of limit cycles, they provide the period of candidate limit
analysis and simulations assume constant encoder input. . . . . .
cycles to within an integer multiple. Equivalently, they provide the
location of possible spectral peaks in the output periodogram. As an
II. OuTPUT SAMPLE MEAN example, consider the double-loop modulator with dc input 0.5,

Consider the double-looEA modulator shown in Fig. 1, where and pole valueg; = 1.02 andp = 1. The smallest integeN that
p1 andp. are the integrator pole€)(-) is a 1-bit quantizer, signals satisfies (3) '&V =49, V\_/lth resulting (N1, N2) = _(37, 12). ltis
u(-) andv(-) denote the states of the integrata,is the dc input, ©aSy 0 show via S|r.nlulat|ons that for the above dc input and pole loca-
andy(-) is the output sequence. Throughout this section and Sectifih and initial conditiongu(0), v(0)] = (0, 0), the spacing between
Ill, we assume that signal(-) in Fig. 1 is identically zero. Let(-) spectral_peaks in the_ output pgrlodogram indicates periodic b(_ehawor
denote the quantization error sequente) = y(n) — u(n). The Zz ~ With period2 x 49. Initial co.nd|t|ons[ru,.(0)., v(0)] = (2, 5) resqlt in
transform ofy(-), Y (=) can be written in terms of th& transforms spectral peaks corresponding to periodic behavior with period 49.

of X, X(z), ande(-), (z) as follows:

Y(2) = G ()X (2) + Ga(2)2(2) 1) B. Case 2;p; >1 andp: > 1
For the case where both, and p» are outside the unit circle

Manuscript received February 14, 1996; revised March 17, 1997. This pap#ft close to 1, approximations for the period and the number of
was recommended by Associate Editor 1. N. Hajj. +1's and —1's to within an integer multiple of possible unstable
The authors are with the Department of Electrical Engineering and Com-

puter Science, University of California at Berkeley, Berkeley, CA 94720-1770 2y, simulations indicate that fixing: on the unit circle and movings:

USA. ) » outside the unit circle results in a worse tone behavior than fixingn the
Publisher Item Identifier S 1057-7130(98)00055-X. unit circle and allowingy; to move outside the unit circle. Referring to Fig. 1,
1We refer toA modulators with one or more open-loop poles outside thee note thap- only affects state variable(n), while p; affects both state

unit circle as having unstable filter dynamics. Id&ah modulators refer to variables. Thus, intuitively, keeping; farther away from the unit circle is

modulators with open-loop poles on the unit circle. more effective in randomizing state-space trajectories.
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d(n)
i ] yi)=0gu(n)
o e 2
Fig. 1. The double-loop=A modulator.
limit cycles are given by an equation similar to (3) in Section Ill-A. 15 15
In this case, howeverN, and N- in (3) are evaluated by using 1 1
the approximationm, ~ piX. We refer to (3) which uses the os 0s
approximationriz, ~ p; X as approximation (3). In the remainder ¢ o g,
of this subsection, we consider the location of dominant frequency g
peaks, and relate them to approximation (3). 08 08
Extensive simulations of the output periodogram indicate the - -
existence of a high-frequency peakfatand a lower frequency peak  -15; 5 10 15 20 -15, S 10 15 20
at fb: n n
fum (1= pX)1./2 (4) @ ®
and 1.5 1.5
1 1
fo = p1 X fs. ®) 05 05
Furthermore, our simulations indicate that for pole locations clos& 0
to but outside the unit circle and dc inputs near zero, the spectrum °° 05
will not exhibit tones at frequency locations belgi or abovef;, .2 -1 -1
Specif!cally, we found that inputs. less than or equal to 0.031 (0.05) 15, . o 15 0 18, . o 5
result in spectra whose lowest (highest) frequency peaks are located n n
at fo(fn). (©) ()

In what folloyvs, we present plal.JSIb”Ity arguments lUStlmeg thie:ig. 2. (a) Patter, (-) with average value 0. (b) Pattebn(-) with average
above expressions for the predominant spectral pbas.begin by yajue 0.1, (c) Patterhy (-) with average value 0.1, and evenly distributetf's
considering a bit pattern with length 20 and average value zero. @i —1's. (d) Patternbs(-); ba(n) = by(n) x bz(n).
this average value, the bit pattér(-) that yields the highest possible
frequency components consists of alternatintjs and—1's, and is
shown in Fig. 2(a). Now, if the average value is moved slightly aw,
from zero, to 1/10, the minimum length sequence with average va

e TS componen [~ &2 1 the eancy Goman

. T . > spectrum ob (+) is convolved with the spectrum éf(-), resulting in

in bi(-) to_ +1, as shown in Fig. 2(b). quever, our S|mulat|9ns[he tone atf. /2 getting modulated by the tone BtV — N2 )/2N] f.

and experiments suggest that the predominant output pattern is e, — [1— (N) — Na)/N](f/2).

that _results i_n the hig_hest frequency components._ This patt_ern iSConsider the double-loop modulator with dc inptit= 0.198 and

obtained by interweaving the-1's and —1's in the bit pattern in poles(p,, p,) = (1.01, 1.03). The smallest integeN that satisfies

such a way that they are evenly distributed among each other, “&p‘broximation (3) isV = 5, so that(N;, N2) = (3, 2). and the

resulting in high-frequency tone components. An example of sugsulting minimum length patterh that yields the highest possible

a bit patternbs(-) is shown in Fig. 2(c). There are two morel's  frequency components is= (1, —1, 1, —1, 1). Fig. 3(a) shows

than —1's in patternbs(-). To accommodate these two exttel’s, the output bit sequence for 120 time steps. The regions separated

we distribute them evenly over the duration of the bit pattern: or®y vertical dashed lines and labeled 1, 2, and 3 in Fig. 3(a) contain

extra+1 occurs right at the beginning, and the other one occurs portions of the output bit sequence that coincide with patieiviore

the middle of the sequence. Each of these extt is said to result generally, the percentage of occurrence of patfein the output

in “bit shifting.” More generally, since we have to accommodatéit stream is approximately 65%. The dominance of patterim

(N| — N2) extra+1's among a total ofV bits, we are likely to get the output bit stream is best illustrated by considering the output

a “pseudoperiodic” sequence with “period”/ (N, — N»), resulting Periodogram. Fig. 3(b) shows the output periodogram obtained by av-

in a tone af(Ny — N3)/N]f., as shown in (5). As an example, bit€raging over 20 discrete Fourier transforms (DFT), each 60 090 points

patternbs (+) looks periodic with periodV/(N; — N2) = 10, and has 10ng- Th92°”tp”t periodogram contains dominant tonef; at £ f

a spectral component & = f./10. and fi = 3 f,, denoted byx ando in Fig. 3(b), respectively. These
tones are in agreement with the dominant frequencies of pditern

Another consequence of the above bit shifting is that the tone at
/2, present in the spectrum &f (-), moves to a new frequency
| gation. Note thab;(-) is obtained by multiplyingb;(-) with the
sequencé,(-), shown in Fig. 2(d), which contains a strong frequency

3We note that this behavior does not hold when the open-loop poles areon
or inside the unit circle [7]. ' _ ) o _ _ _

4Similar arguments are presented in [6] for the modulator with both poles IN this section, we show via simulations that poles slightly outside
on the unit circle. the unit circle are more advantageous in both suppresking

General Trends
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2 — - — . rr pole values greater than 1.08, the maximum allowable input that
! b ! ! ! results in bounded internal behavior is less tianr= 0.2 [5].
T 7 1 Since, for the OSR of 256X = 0.0019 is the largest dc input
£ ol for which f; falls into the baseband, and since, from Section III-B,
€ |

-100 L !

1

1 I I L
0.15 0.2 0.25 0.3

.
0.45

for all X < 0.0019 f, is the location of the lowest frequency tone,
the shape of the curves in Fig. 4 suggests that at the OSR of 256,
the “best” choice for pole values is around 1.005. However, from
Fig. 4, p1 = p2 = 1.005 is not a good choice when the OSR is
64. Indeed, as observed by Dunn and Sandler [8], one might have to
choose much larger pole values such as 1.08 in order to reduce the
level of baseband tones. Such large values of poles also result in a
significant drop in SNR [5], [8].

IV. PERFORMANCE OFDITHERING VERSUSPOLE PLACEMENT

Dithering is commonly used to improve the subjective quality of
guantized signals [2]. Since in Section IlI-C we concluded that for
large OSR’s such as 256, poles slightly outside the unit circle, e.g.,

0 005 0.1 _ 035 04 05 p1 = p2 = 1.005, perform “best” in terms of low-frequency tone
Normalized frequency (ffs) removal and SNR, in this section, we compare the performance of the
(b) above pole placement technique with that of dithetifug the OSR

Fig. 3. X = 0.198, (p1, p2) = (1.01, 1.03). (a) Output bit sequence

(time domain). (b) Output periodogramx: frequency locationf;, o:

frequency locationfy, .

16

X=0.0078
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of 256. In comparing these two approaches, we will consider both
peak signal-to-noise ratio (PSNR) and low-frequency tone behavior.

We consider two commonly used dither characteristics, namely, 1-
and 8-bit quantized random dither signals, each with peak-to-peak
amplitudes of 1 and uniform probability distribution functions. The
level of baseband tones that results in an audible distortion is assessed
via experiments done on a Crystal Semiconductors evaluation board,
CS4303, along with a set of speakers with bandwidth up to 15 kHz
and a wide-band spectrum analyzer. Our experiments indicate that
output periodograms containing baseband tones that are 4 dB above
the noise flodt result inaudibletones, while those containing tones
below 4 dB are not discernible.

Based on our results in Section IlI-C, dc inputs beldwv =
1.9 x 107 may result in baseband tones at frequency locations less
than or equal tofy = p1 X fs for an OSR of 256. Furthermore,
the double-loop=A modulator with an OSR of 256 approximately
yields 16 bits of resolution [9]. Thus, the smallest dc input that
can be differentiated from zero input is approximatélg = 107",
Consequently, we evaluate tonal behavior for inputs in the range
R1 = [1.6 x 107°, 1.9 x 107>]. For the sake of completeness, we
also show results for larger inputs in the rang2 = [0.1, 0.8].

Fig. 5 shows PSNR values and baseband tonal cdntenfour
classes of modulators and 20 dc input values in the ralge=

Fig. 4. Relative amplitude of the tone Af as a function of open-loop poles, o -5 -3 P
p=p1 =p2 - X =00078 --- X =0.004;---: X =0.0019; -.-.: [1.6 » 107°, 1.9 10" and R = [0'1’.0'8]' As seen, the
X = 0.0011. performance of the modulator with unstable filter dynamics with poles

at (p1,p2) = (1.005,1.005) is comparable to that of additive 8-bit
dither, both in terms of PSNR performance and in terms of tonal

frequency tones and maintaining SNR than large pole values outsi@itent. Here, our dither results are comparable to those obtained
the unit circle. As pole moduli outside the unit circle are movegh [8]. Even though the unstable modulator's tones are up to 1 dB
toward the unit circle, the noise-shaping properties are improveghove noise floor for certain dc inputs, in practice, these tones are
thus reducing the level of low-frequency peaks. Fig. 4 shows th@t audible since they are still below 4 dB.
relative amplitude of the tone at as a function of pole location  Throughout this paper, we have emphasized the gase= p.
p = p1 = po for dc input valuesY' = 0.0011, 0.0019, 0.004, and over p; # p.. An interesting question is whether there are other
0.0078. These values are chosen to be the largest dc inputs for whi
frequency locatiory, occurs at the gdge of the baseband for the Ostﬁe unit circle corresponds to the block diagram shown in Fig. 1 where signal
of 512, 256, 128, and 64, respectively. Note that, from 3)falls ;. is identically zero, while the dithered double-loop modulator corresponds
in the signal baseband for dc values, < 1/2p; OSR, where the to the block diagram shown in Fig. 1 withy = p> = 1 andd(-) a given
signal baseband is defined &= f,/20SR. dither signal.

For X = 0.0011, 0.0019, and 0.004 in Fig. 4, the amplitude of G_In all that follows, the noise floor refers to the flat portion of the
the tone atf, initially increases ag is increased from 1.005 to 1.05, Périodogram.

. . 7Each PSNR value is obtained by averaging over 20 estimates of the SNR
and then decreases gsis further increased beyond 1.05. On th%sing sinusoidal inputs with frequency at half the baseband. The tone behavior

other hand, the allowable input dynamic range and SNR are redugggssessed by averaging over 20 DFT’s, each 65 536 points long, of the output
monotonically agp increases from 1.005 to 1.08. For instance, fowit stream after an initial transient.

In all that follows, the double-loop modulator with open-loop poles outside
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Fig. 5. Baseband tonal content and PSNR values for various dc input values, pole locations, and additive dither signals.

combinations ofp; andp. besidesp; = p2 = 1.005 that result in ACKNOWLEDGMENT

superior PSNR and tone performance. One possibility is to keep

close to but outside the unit circle in order to preserve the PSNRThe authors would like to thank Prof. B. Boser, Dr. M. Varghese,
advantage, e.gpz = 1.005, and movep; further away from the unit and Dr. D. Senderowicz for valuable discussions and comments.
circle to preserve the randomness in state space trajectoeies,
p1 = 1.02. However, Fig. 5 clearly shows that = p, = 1.005
outperforms(py. p2) = (1.02, 1.005) in both PSNR and tonal _kl] R. M. Gray, “Spectrial analysis of quantization noise in a single loop
characteristics. In fact, the PSNR performance of the modulator with ™ gjgma delta modulator with dc inputiEEE Trans. Communyol. 37,
(p1, p2) = (1.02, 1.005) is comparable to that of the modulator pp. 588-599, June 1989.

with additive 1-bit dither, while its tonal behavior is slightly worse. [2] S. Norsworthy and D. A. Rich, “ldle channel tones and ditheringih

Specifically, the modulator with 1-bit dither has no audible tones, ~modulators,” presented at t@th AES Cony.Oct. 1993.

; : ) _ . ; [3] M. Motamed, A. Zakhor, and S. Sanders, “Tones, saturation and SNR
Wh”efthe r:noc(jjul.ator Wltfl;gp: 520)01_,, (1.02, 1.005) has an audible in double loop=A modulators,” inProc. ISCAS1993, pp. 1345-1348.
tone for the dc input ofY = 0. 9. 4

h ) . . [4] S.Hein, “Exploiting chaos to suppress spurious tones in general double-
In terms of hardware implementation for A/D conversion applica- ~ |oop A modulators,1TEEE Trans. Circuit Syst. Iol. 40, pp. 651659,
tions, extra analog hardware is needed to implement a random noise Oct. 1993.
source for the dithered modulator. Pole placement outside the urfi] M. Motamed, S. Sanders, and A. Zakhor, “The double loop sigma delta
circle, however, may be achieved by either appropriately designing modulator with unstable filter dynamics: Stability analysis and tone

. Lo . - " . behavior,”IEEE Trans. Circuit Syst. livol. 43, pp. 549-559, Aug. 1996.
capacitor ratios in the integrators or by applying positive feedback i ] R. C. Ledzius and J. Irwin, “Theybasis and a?cphitecture for thg reduction

the oper_ational amplifiers [1_0]. The complexity in generating ran_d_o of tones in a sigma—delta DACJEEE Trans. Circuit Syst. llyol. 40,
dither signals for A/D applications may be reduced by quantizing pp. 429-439, July 1993.

the dither signal to 1 bit [8]. However, this results in a large losg7] M. Motamed, “The double loop sigma—delta modulator with unstable
in SNR performance. As seen from Fig. 5, the modulator with 1-bit filter dynamics: Stability analysis and tone behavior,” Ph.D. dissertation,

i ; ; Univ. California, Berkeley, Apr. 1996.
additive dither results in 6 and 4 dB lower PSNR than modulator - o= ) .
d € d 0 ?8] C. Dunn and M. Sandler, “Linearizing sigma—delta modulators using

with p; = p2 = 1.005 and 8-bit additiye dither, rt_espectively. Thus, dither and chaos,” iProc. ISCAS1995, pp. 625—628.
for large OSR’s, theEA modulator with poles slightly outside the [9] J. C. Candy and G. C. Temes, “Oversampling methods for A/D and
unit circle is an attractive alternative to the dithered modulator when  D/A conversion,”Oversampling Delta—Sigma Data Converters. Theory,
hardware complexity is desired to be minimal. Design and Simulation]. C. Candy and G. C. Temes, Ed. New York:
IEEE, 1991.
8As mentioned in Section Ill, this results in a better tone behavior thdd0] D. Senderowicz, M. Motamed, A. Zakhor, and D. Clementi, “Using
keepingp; close to the unit circle and moving further out. chaos to eliminate idle tones in sigma delta converters,” in preparation.
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