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Abstract

We presenta new algorithmfor matching pursuit (MP) dictionarydesign.This techniqueusesexisting vector-
quantization(VQ) designtechniquesand an inner-productbaseddistortion measureto learn functionsfrom a set
of training patterns.While this schemecanbe appliedto many MP applications,we focuson motioncompensated
video coding. Given a set of training sequences,data is extractedfrom the high energy packets of the motion
compensatedframes.Dictionarieswith different regions of supportare trained,pruned,and �nally evaluatedon
MPEGtestsequences.We �nd thatfor high bit-rateQCIF sequenceswe canachieve improvementsof up to 0.66dB
with respectto conventionalMP with separableGaborfunctions.

Index Terms
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I . INTRODUCTION

Matchingpursuit(MP) basedvideocodecshaveshown to becompetitivewith hybridmotion-compensated
block-baseddiscretecosinetransform(DCT) codecs[1], [2], [3], [4]. MP wasre-introducedfrom statistics
to thesignalprocessingcommunityby Mallat andZhangin 1993[5]. MP expandsa signalusinganover-
completedictionary of normalizedfunctionsin an iterative fashion.The matchingis basedon the inner
productbetweenthesignalanda givendictionaryfunction;theupdatedsignal,calledresidual, is computed
by subtractingthe bestmatchingfunction.The useof MP to encodethe motion compensatedframeswas
originally proposedin [1]. Detailson MP derivation andits mathematicalpropertiescanbe found in [5],
[6].

In mostMP basedvideocodecs,separableGaborfunctionsareusedto encodethemotioncompensated
frames.This leadsto a fast implementationof the MP algorithm, but hasa numberof drawbacks:(a)
thereis no orientationinformation,and(b) Gaboratomshave thetendency to introducesmalloscillations,
especiallywhenthenumberof atomsusedto encodethesignalis small,i.e.at very low bit-rates.A number
of modi�cations have beenproposed,without noticeableimprovement.In [7], the authorsproposeto use
a sub-banddictionary, which signi�cantly reducesthe computationalcost without loss in performance.
In [8], theauthorsproposea fastmatchingpursuitalgorithmthatusesnon-separabledictionaryfunctions.
A bankof �lters is usedto produceN �ltered signalsfrom the input signal.The algorithmupdatesthese
signalsafter eachiteration, obviating the needto repeatthe �ltering. However, this techniquerequires
the storageof the N �ltered signals,even if atomsaregiven asa linear combinationof a small number
of basisfunctions [8]. With this approach,improvementsover non-separabledictionariesare less than
0.5 dB. Goodwin[9] hasuseddampedsinusoidsto modelsignalswith transientbehavior, andhasshown
thatexpansionsusingthis kind of dictionarycanbeef�ciently derivedusingsimplerecursive �lter banks.
However, the extensionto two-dimensionalsignalsis not straightforward. Finally, Chouet al. [10] have
usedgain-shapevector quantizationto learn new dictionaries.However, their learningschemedoesnot
take advantageof speci�c characteristicsof MP.

Other techniques,suchas the oneproposedby Olshausen[11] might be usedto learn functionsfrom
naturalpatterns;this approachis especiallyinterestingbecauseit embedscharacteristicsinspiredby the
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humanvisual system.However, sinceit useslinear combinationsof basisfunctions,it cannot be adapted
to MP applications.

In this paper, we proposea schemeto learn an MP dictionary from the motion compensatedframes
obtainedfrom a set of training sequences.To begin with, the learningschememust be adaptedto MP
applications.As such,we usevectorquantization(VQ) [12] with a distortionmeasurebasedon the inner-
product,as it is usedin MP. Convergenceis improved by usinga decisionrule that allows for removing
small partitionsandsplitting larger partitionsto keepthe numberof dictionary functionsconstant.Three
dictionarieswith differentregionsof supportarelearned,andusagestatisticsareusedto reducethenumber
of functions.Huffman codesare then computedfrom the usagestatistics,and �nally the new dictionary
is evaluatedon a setof testsequences.

This paper is organizedas follows: Section II provides a short overview of matchingpursuit. The
proposedlearningschemeis presentedin SectionIII; resultsobtainedfor two differentsimulationscenarios
aregiven in SectionIV. Finally, conclusionsaredrawn in SectionV.

II . MATCHING PURSUIT

MP decomposesany signal f into a linear expansionof waveforms called hereafteratom. These
normalizedfunctionsareselectedfrom a redundant, i.e. over-complete,dictionary:

D = f g
 g
 2 � , (1)

where� = f 1; : : : ; N g is the set of all indices,and N is the dictionary size.MP is an iterative process
producingat eachiterationa new residualsignal,which is thenusedasinput to thenext iteration.Initially,
the residualis equalto theoriginal signal.Theresidualat iterationm + 1 is computedusingthe following
equations:

Rm+1 f = Rm f � hRm f ; g
 m i g
 m , (2)

R0f = f , (3)

whereRm f is the residualat iteration m, h�; �i is the inner product,and g
 m 2 D the function whose
inner productwith the residualRm f is at a maximum:

jhRm f ; g
 m ij = sup
g
 2 D

jhRm f ; g
 ij . (4)

After M iterations,the decomposedsignalcanbe written in termsof the successively matchedatoms
as:

f =
M � 1X

m=0

hRm f ; g
 m i g
 m + RM f . (5)

The inner productbetweenthe residualat iterationm + 1 and the atomat iterationm is given by:

hRm+1 f ; g
 m i = hRm f � hRm f ; g
 m i g
 m ; g
 m i

= hRm f ; g
 m i � hRm f ; g
 m ihg
 m ; g
 m i

= 0 ,

(6)

which meansthat the vectorsare orthogonalto eachother. The energy of the signal can thereforebe
written as the sumof the differentcontributions:

kf k2 =
M � 1X

m=0

jhRm f ; g
 m ij 2 + kRM f k2 . (7)

For large signals,the computationtime remainsprohibitive and solutionsmust be found to speedup
theencoding.In our case,f is themotioncompensationerror. It is a sparsesignalfor which thematching
processcanbecon�ned to high-energy regions.Theseregionsaredetectedby splitting theresidualimage
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into smallerblocks,andby computingthe energy of eachblock. The matchingprocessis thenlimited to
the regionssurroundingthe high energy blocks [2].

Thenumberof MP iterationsdependson thebit-rate,i.e. thehigherthebit-ratethelarger thenumberof
atomsnecessaryto encodethe motion compensationerror. Thus,eachmotion compensationerror frame
is only approximated,and the encodingerror RM f is propagatedthroughthe succeedingframes.

II I . DICTIONARY DESIGN

A. Learningpatternswith vector-quantization

Our proposedlearningschemeis basedon vectorquantization(VQ) [12]. It is an iterative processthat
learnsa prede�nednumberof vectors,called hereaftercode-vectors, from a set of input vectors,called
hereafterpatterns, accordingto somedistortionmeasure.Eachiterationis madeof two processingsteps:

1) Partition the patternspace:this is achieved by groupingpatternswhosedistortionwith respectto a
given code-vector is minimum.

2) Updatethe code-vectors:this is achieved by computingthe vectorsthat minimize the sum of all
distortionswithin the differentpartitions.

The algorithm ends when a prede�ned stopping criterion is met, such as a thresholdon the overall
distortion.

Matching pursuit usesthe inner product to match the different dictionary functions to the residuals
and to selectthe atomsusedto encodethe original signal. We have thereforechosento use an inner
productbaseddistortionmeasurein our VQ scheme,sincethis metricwill laterde�ne how well a learned
dictionaryfunctionmatchesa residual.Let S � Rk beasetof M normalizedtrainingpatternsof dimension
k, X = f 1; : : : ; N g be the setof all code-vector indices,andn be the iterationnumberin the dictionary
designprocess.The energy ! i of eachpatternis computedbeforenormalization.Thesevaluesare later
usedduringthecode-vectorupdatestep.We de�ne thefollowing distortionmeasurebetweena normalized
patternx i 2 S and the j th normalizedcode-vector x̂ j;n :

dh�;�i (x i ; x̂ j;n ) = 1 � jhx i ; x̂ j;n ij , (8)

where< �; � > is the inner product.The distortion is equalto 1 whenx i and x̂ j;n areorthogonal,andto
zerowhenthey are identical.A partition Sj;n is a setof patternshaving minimum distortionwith respect
to a given code-vector x̂ j;n :

Sj;n =
�

x i 2 S j dh�;�i (x i ; x̂ j;n ) � dh�;�i (x i ; x̂ l ;n ) ; 8l 2 X
	

, (9)

and

S =
[

j 2 X

Sj;n , (10)

Sj;n \ Sl ;n = ; , (11)

8j 6= l andwith j; l 2 X.
The updatedcode-vector x̂ j;n +1 2 Rk is obtainedby minimizing the total weighteddistortion � j;n in

Sj;n :
� j;n =

X

x i 2 Sj;n

! i dh�;�i (x i ; x̂ j;n +1 ) �
X

x i 2 Sj;n

! i dh�;�i (x i ; x) , 8x 2 Rk (12)

The minimization of Eq. 12 with the distortion measurede�ned in Eq. 8 requiresthe useof Lagrange
multipliers.Sinceboth x i andx̂ j;n arenormalized,the following L 2-normdistortionmeasurecanbe used
insteadof Eq. 8:

dL 2 (x i ; x̂ j;n ) = kx̂ j;n � x i k2

= (x̂ j;n � x i ) � (x̂ j;n � x i )T

= 2 � 2x̂ j;n � xT
i

= 2(1 � hx i ; x̂ j;n i ) ,

(13)
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providedall innerproductsarepositive.To achieve this, we let eachpatternhave two equivalentversions:
the original and its negative, i.e. x i and � x i , and use the one resulting in a positive inner product in
Eq. 13. This is possiblebecauseEq. 8 usesthe absolutevalueof the inner product.

We thende�ne S(+)
j;n andS(� )

j;n asthe setsof patternsin Sj;n having positive andnegative inner products
with x̂ j;n , respectively:

S(+)
j;n [ S(� )

j;n = Sj;n , (14)

S(+)
j;n \ S(� )

j;n = ; . (15)

Oncebothsubsetsarecomputed,we canuseEq. 13 insteadof Eq. 8 by taking thenegative valueof the
inner productfor eachpatternin S(� )

j;n . Using Lagrangemultipliers, we have shown in the Appendix that
theminimizationof Eq. 12 with thedistortionmeasurede�ned by Eq. 13 leadsto the following weighted
averageupdateequation:

x̂ j;n +1 =

P
x i 2 S(+)

j;n
! i x i �

P
x i 2 S( � )

j;n
! i x i

P
x i 2 Sj;n

! i
. (16)

More weight is given to high energy patternsin Eq. 16, sinceit is essentialto �rst encodehigh energy
structurespresentin themotioncompensationerror. Thecode-vectorsarenormalizedafterbeingupdated.

Thederivationof this updateequationis basedon theassumptionthat for eachpartition thesign of the
inner productbetweenthe code-vectorand the patternswill not changeafter the code-vector is updated.
This is of coursenot exactly thecasein practice.However, becausethecentroidschangeslowly from one
iterationto another, this assumptionbreaksdown only for a small sub-setof thepatterns,andonly affects
vectorswhoseinner product with the code-vector is close to zero, i.e. thosefor which a sign change
can happen.The validity of our assumptionsin practicewill be illustrated in SectionIV, and the full
derivation of Eq. 16 is given in Appendix.

In order to prevent the VQ algorithm from converging to a local minimum, it is necessaryto modify
theabove two-stepscheme.Differentimprovementshave beenproposedin the literature,suchascoupling
stochasticrelaxation methodswith VQ [13]. In [14], the authorsproposea deterministicannealing
approach.Both approachesare formulatedwithin a probabilistic framework and lead to complex and
time-consumingprocesses,eventhoughthey arefasterthantechniquesbasedon simulatedannealing.The
useof fuzzy setstheoryfor VQ hasbeenproposedby Karayianiset al. [15], [16]. They have successfully
applied it to compressionproblems,but their approachis still very expensive in termsof computation
time. In orderto achieve a fair balancebetweencomputationtime andreliability, we seta time-decreasing
thresholdon the partition size in order to decidewhich partitionsshouldbe suppressed.In order to keep
the samenumberof centroids,a randomlyselectedpartition is split into two, with larger partitionsbeing
more likely to be selectedthansmallerones.We usethe following exponentialthresholdfunction in our
simulations:


 thresh=


N

exp
�

�
M
M0

�
, (17)

whereM is the iteration number, M 0 is a constantscalarthat controls the convergencerate, N is the
numberof code-vectors,and 
 is the weightedsizeof the patternspace:


 =
nX

i =1

! i . (18)

In our simulationswe set M 0 = 20, and 
 thresh is only usedevery four iterationsin order to allow the
systemto stabilizein the neighborhoodof a local minimum:


 thresh=

(


N exp

n
� M

M 0

o
if M mod 4 = 0,

0 otherwise.
(19)

While this approachis of low complexity, we have shown it to be robust, and to lead to near-optimal
results.



5

B. Learningcycle for motioncompensatedvideocoders

The extractionof training patternsfrom the motion residualsis an importantissue.The entire residual
cannot be learnedby our proposedschemesince high energy pockets are sparselydistributed. Only
regions in the residualwhereoneor several dictionary functionsarematchedcanbe taken into account.
The patternsusedto learn new functions are extractedfrom a set of training sequencesencodedwith
an initial dictionary, in our casea dictionary of Gabor functions. Each time a dictionary function is
matchedto the residual,the underlyingpatternis extracted.We usea squarewindow with a �x ed size,
centeredon the matchedfunction.Using this approach,only high energy regionsof the residualareused
for the training. The initial dictionary, called h30 [17], contains400 separableGabor functionsand 72
non-separableGaborfunctions.The numberof functions learnedin our simulationsis thereforealways
472.

initial dictionary MP coder

Patterns

Learning

training sequences

Basis functions

Fig. 1. Training cycle for learningbasisfunctions.

Since patternsmight be extracted from a region where a dictionary function has previously been
matched,their contentis in�uenced by the dictionary itself. In addition to that, residualsin successive
framesdependon the dictionary usedto encodethe previous frames,and so do the extractedpatterns.
We are thereforefacing a “chicken and egg” problem,and to addressthis, we must repeatthe pattern
extraction-dictionarydesigncycle several times, using the successively learneddictionariesto extract a
new set of patterns.This conceptis shown in Figure 1. This is a time consumingprocess,and we have
experiencedthat even runningonly onecycle takesa long time. Moreover, we have run several cyclesin
someof our simulationsandhave found no noticeabledifferencebetweensuccessive cycles.The results
shown in this paperare obtainedwith only one learningcycle. Furtherwork is neededto examinethe
effect of runningmultiple cycles.

Finally, note that oncea new dictionary is learned,the training sequencesare encodedwith this new
dictionary in order to produceusagestatistics.Thesestatisticsare then usedto computethe Huffman
codesnecessaryto encodethe atomparameters.

IV. SIMULATIONS AND RESULTS

All sequencesusedto train andtestthedictionariesarein QCIF. In orderto obtaina large trainingset,
we have collected17 high motion sequencesof 30 framesfrom outsidethe standardMPEG sequences.
We call themanonymoussequencesbecausethey do not belongto any standardgroupof testsequences.
The purposeof using suchshort sequencesis (a) to increasethe diversity of the patternsneededin the
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sequence kbps fps h30 [dB] new [dB] gain [dB]
foreman 112.6 30 33.05 33.49 0.44
foreman 62.5 10 32.89 33.07 0.18

coast 156.0 30 32.11 32.59 0.48
coast 81.5 10 31.94 32.19 0.25

table tennis 59.5 30 33.28 33.55 0.27
table tennis 47.6 10 33.16 33.27 0.11
container 35.2 30 33.38 33.8 0.42
container 17.3 10 33.22 33.46 0.24

mobile 313.3 30 27.87 28.53 0.66
stefan 315.1 30 29.74 30.3 0.56

TABLE I

MEAN PSNR PERFORMANCE FOR Y COMPONENT.

learningphasewhile maintainingtheir numberat a reasonablelevel, in our casemorethan100,000,and
(b) to reducethe in�uence of the initial dictionary on the patternextraction due to the propagationof
the encodingerror. The standardMPEG sequencesarekept for the testphase,becausethey canbe easily
comparedto other techniquesfor which simulationresultsarereadily available in the literature.

We learnthreedifferentdictionaries,eachonehaving a differentregion of support:9� 9, 17� 17, and
35� 35 pixels. A thresholdis appliedto the energy of the motion residualto control the bit-rate.This
approachis motivatedby the fact that the energy of the residualsignalvariesfor eachsequenceandeach
frame,and that at low energy valueswe encodemainly noise.A uniquethresholdis empirically chosen
for all simulations,in order to matchthe bit-ratessuggestedfor the differentMPEG sequencesto enable
fair comparison.The foreman, coast, table tennis, container, mobile, and stefansequencesare usedto
evaluatethe performanceof the learneddictionary.

Oncea new dictionary is learned,a Huffman codeis generated,basedon the atom statisticsobtained
during the encodingof the training sequences.Two techniquesareusedto reducethe sizeof the dictio-
naries:the �rst oneis basedon the usagestatisticsandallows reductionof the numberof functionsfrom
3 � 472= 1416down to 472, which is the sizeof our referencedictionaryh30 [17]. A secondapproach
is basedon the pair-wise cross-correlationof the differentdictionary functions.It allows further pruning
of the �nal dictionary while keepingthe performancealmost at the samelevel. The idea is simply to
remove similar functions,which typically occur in denseregionsof the patternspacefor which the VQ
schemelearnsseveral similar codevectors.

The performancesare summarizedin Table I. Generallyspeaking,the learneddictionary outperforms
h30 at higherbit-rates.This is becauseat higherbit-ratesa larger portion of the bits is devotedto texture
coding. At low bit-rates,most bit budget is spenton motion and learning dictionariesdoesnot help
improving the performance.As an example,at bit ratesaround300 kbps, improvementsare 0.66 and
0.56 dB for mobileandstefan, respectively.

After statisticalpruning,thenew dictionarycontains116functionsfrom the35� 35dictionary(24.47%),
169functionsfrom the17� 17dictionary(35.65%), and189functionsfrom the9� 9 dictionary(39.88%).
Most of thesefunctionshave thereforea small region of support.

Usagestatisticsarecollectedwhenencodingthe differenttestsequences.Dictionary functionsarethen
sortedin the order of increasingusage.Figure 2 shows the ranked usagestatisticsobtainedfor the new
dictionary. As seen,thedistribution is muchmoreuniform thanfor h30. This is indeeda desirableproperty
for the learneddictionaryin the sensethat all its functionsshouldbe of equalimportance.Functionsthat
arerarely used,if removed from the dictionary, would not, on average,signi�cantly reducethe quality of
encodedsequences.If all functionsare,on average,equallyused,they equallycontribute to the encoding
processand they are equally important.When the numberof functionsin the dictionary and hencethe
time necessaryfor thematchingprocessmustbekeptaslow aspossible,this propertyis indeeddesirable.
Figure2 illustratesthat with the newly designeddictionarywe arecloserto this ideal situationthanwith
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Figure3 plots themeandistortionat eachiterationwhenlearningthedictionarywith the17� 17 region
of supportfrom the anonymoussequences.As expected,it is a monotonicallydecreasingfunction,except
whenpartitionsaresplit. Iterationswheresplitting occuraremarkedwith a � . As underlinedin sectionIII,
the updateequation16 is only valid if for all code-vectorsthe sign of the inner-productsbeforeandafter
they areupdatedremainunchangedfor all the patternsthat belongto their partition. In our simulations,
we foundthenumberof codevectorswhich violatethis constraintto benonzeroonly at the�rst iteration.
This is actuallydueto the fact that code-vectorsare initialized randomly.

A subsetof the new dictionary is shown in Figure 4. As seen,the learnedfunctionshave a coherent
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Fig. 4. Subsetof dictionary functions(B).

structure:they are centered,oriented,limited in size, and modulated.The Fourier transformsof these
functionsareshown in Figure5. We expectthe learnedfunctionsto beeasilyandef�ciently approximated
with functionsof low complexity for a fastimplementation[17], [18]. Thefact thatthelearneddictionaries
have a coherentstructureis an encouragingresult,knowing that learningschemesproviding functionsof
sucha “quality” aregenerallydif�cult to establishin computervision applications[19].

In all simulations,the rate control is matchedto the runs obtainedby encodingwith h30, which in
turn is achieved by usingan energy threshold.As such,this is inherentlybiasedtowardsh30, andmight
limit the performanceof the learneddictionary. However, this is necessaryin order to keepthe bit-rates
equal and hencethe comparisonsmeaningful.The time requiredto run a completeset of simulations
with training andtestingis on the orderof several dayson a Silicon GraphicsOnyx computerwith eight
processors.The main reasonis that the amountof data extractedfrom the training sequencesfor the
learningphaseis huge:morethan100'000patternsof size35� 35. However, this is a one-timecostthat
shouldonly be borneonce.Oncethe new dictionary is designed,it can be usedover and over in many
encoding/decodingscenarios.In addition to that, the dictionariescan be approximatedwith a seriesof
elementaryfunctionsasdescribedin [18], andhencefurther speedupscanbe expectedin the future.

V. CONCLUSIONS

In this paperwe presenta dictionary designtechniquefor video codecsbasedon matching pursuit.
A learning schemebasedon vector-quantizationhas been developed for this purpose.Learning new
dictionariesrequiresmany time-consumingprocessingstepsin order to extract training patternsfrom a
set of sequences,computeusagestatisticsto prune the learneddictionaries,and computethe Huffman
codes.

Our �nal learningschemehasbeento usethreedifferent�x ed regionsof supportfor patternsextracted
from themotioncorrectedframes.An energy thresholdhasbeenusedto setthenumberof atomsencoded
for eachframe,thusavoiding to encodenoise.Oncethe threedictionariesarecomputed,a pruningbased
on theusagestatisticsis performed,and�nally the Huffmancodesarecomputed.Examplesaregiven for
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Fig. 5. Fourier transformof functionsshown in Figure4.

sequencesin QCIF format.For bit-ratesabove 100kbps,we have obtainedimprovementsof up to 0.66dB
with respectto conventionalMP with separableGaborfunctions.We found that learningdictionariesfor
low-motion sequencesdoesnot allow for signi�cant improvementsin performances.

Futurework involveslearningdictionariesfor differentcategoriesof sequencesandthe approximation
with elementaryfunctionsthatcanbeimplementedef�ciently [18]. Thede�nition of speci�c characteristics
that canbe usedto selectan appropriatedictionary for a given sequencewould alsobe of greatinterest.
Finally, additionalsimulationswill help understandingthe effect of iterative dictionary learning,wherea
learneddictionaryis usedasthe referencedictionaryin the patternextractionphaseof the next iteration.

VI. APPENDIX

Theminimizationof Eq. 12 with theL 2-normdistortionmeasuregivenby Eq. 13 is obtainedby setting
to zeroall partial derivatives:

@
@̂x l ;j

0

@
X

x i 2 Sj;n

! i dL 2 (x i ; x̂ j;n +1 )

1

A = 2
X

x i 2 Sj;n

! i (x̂ l ;j � x l ;i ) = 0 , (20)

where

x̂ j;n +1 =
�

x̂1;j � � � x̂k;j
�

, (21)

x i =
�

x1;i � � � xk;i
�

. (22)

From this setof k equationswe obtain the following updateformula:

x̂ j;n +1 =

P

x i 2 Sj;n

! i x i

P

x i 2 Sj;n

! i
. (23)
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In this updateequationwe assumethat all inner productsarepositive. If we take into accountthe sign
testwe did during the partition phase,then the updateequationbecomes:

x̂ j;n +1 =

P

x i 2 S(+)
j;n

! i x i �
P

x i 2 S( � )
j;n

! i x i

P

x i 2 Sj;n

! i
, (24)

which is Eq. 16. Note that the updatedcentroidsmustbe normalizedafter they arecomputed.
To verify thattheminimizationof Eq.12 with thedistortionmeasuregivenby Eq.8 undertheconstraint

that the updatedcentroidshave unit norm is equivalent to the above result, we needto use Lagrange
multipliers. The initial setof k + 1 equationsthat mustbe solved is:

@
@̂x l ;j

0

@
X

x i 2 Sj;n

! i (1 � jhx i ; x̂ j;n +1 ij )

1

A + �
@

@̂x l ;j

 

� 1 +
kX

m=1

x̂2
m;j

!

= 0 , (25)

� 1 +
kX

m=1

x̂2
m;j = 0 , (26)

which, whenusing the subsetsS(+)
j;n andS(� )

j;n , become
X

x i 2 S( � )
j;n

! i x l ;i �
X

x i 2 S(+)
j;n

! i x l ;i + 2� x̂ l ;j = 0 , (27)

� 1 +
kX

m=1

x̂2
m;j = 0 , (28)

for l = 1; : : : ; k. Using simplecalculusthe following solution is obtained:

x̂1;j = �

vu
u
u
t

� 2
1

kP

m=1
� 2

m

, (29)

x̂2;j =
� 2

� 1
x̂1;j , (30)

...

x̂k;j =
� k

� 1
x̂1;j , (31)

where
� l =

X

x i 2 S( � )
j;n

! i x l ;i �
X

x i 2 S(+)
j;n

! i x l ;i . (32)

Sincethesignof x̂ j;n +1 doesnot affect thedistortionmeasure,i.e. thesamedistortionvalueis obtained
taking x̂ j;n +1 or � x̂ j;n +1 , we arbitrarily choosex̂1;j > 0. Knowing that the norm of the updatedcentroid
whenusingEq. 24 is given by:

1
P

x i 2 Sj;n

! i

vu
u
t

kX

m=1

� 2
m =


















P

x i 2 S(+)
j;n

! i x i �
P

x i 2 S( � )
j;n

! i x i

P

x i 2 Sj;n

! i


















, (33)
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and that �
�
�
�
�
�
�

X

x i 2 S( � )
j;n

! i x1;i �
X

x i 2 S(+)
j;n

! i x1;i

�
�
�
�
�
�
�

= sign(� 1)

0

B
@

X

x i 2 S( � )
j;n

! i x1;i �
X

x i 2 S(+)
j;n

! i x1;i

1

C
A , (34)

the following result is obtained:

x̂ j;n +1 = sign(� 1)

P

x i 2 S(+)
j;n

! i x i �
P

x i 2 S( � )
j;n

! i x i

P

x i 2 Sj;n

! i


















P

x i 2 S(+)
j;n

! i x i �
P

x i 2 S( � )
j;n

! i x i

P

x i 2 Sj;n

! i


















� 1

, (35)

which is thenormalizedversionof x̂ j;n +1 computedwith Eq.16.sign(� 1) affectsall componentsof x̂ j;n +1

andcanthereforebe disregarded.
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